Abstract. We prove a classification theorem by cohomology classes for compact Riemannian manifolds with a one-parameter group of isometries without fixed points generalizing the classification of line bundles (more precisely, their circle bundles) over compact manifolds by their first Chern class. We also prove a classification theorem generalizing that of holomorphic line bundles over compact complex manifold by the Picard group of the base for a subfamily of manifolds with additional structure resembling that of circle bundles of such holomorphic line bundles.
Introduction
This work presents classification theorems for manifolds with additional structure generalizing classical theorems concerning circle bundles of complex line bundles over compact manifolds, both in the C ∞ and holomorphic categories. In the next paragraphs we will briefly discuss the classical situations from the perspective of this paper. Section 2 gives a context and serves as motivation for the work. Sections 3 and 4 concern the classification theorems themselves. Finally, Section 5 is devoted to an analysis of some aspects of the conditions in Section 4 that generalize the notion of holomorphic function.
It is well known that the isomorphism classes of smooth complex line bundles over, say, a smooth compact manifold B are, in a natural way, in one to one correspondence with the elements of the first cohomology group of B with coefficients in the sheaf E * of germs of smooth nonvanishing complex valued functions on B, and through the first Chern class, with the the elements of the second cohomology group of B with integral coefficients. In somewhat more generality, the construction of the correspondence goes as follows. Fix a line bundle π E : E → B. If {V a } a∈A is a sufficiently fine open cover of B, then for every line bundle π E : E → B there is a family of isomorphisms h a : E Va → E Va (where for instance E Va = π Here R is appears as the Lie algebra of S 1 . Since C ∞ (B, R) is fine, again one has an isomorphism H 1 (B, I ∞ (N )) → H 2 (B, Z). In Section 3, the S 1 -action is replaced by an R-action, the one-parameter group of diffeomorphisms generated by a nonvanishing vector field T admitting a T -invariant Riemannian metric. The orbits of the group need not be compact. The condition π N •h = π N | U is replaced by the condition that for every p ∈ U , h(p) belongs to the closure of the orbit of p, R is replaced by the Lie algebra g of a certain torus G, and Z by the kernel of the exponential map exp : g → G.
Suppose now that B is a compact complex manifold and π : N → B is the circle bundle of a holomorphic line bundle E → B. Implicit here is that N is the set of unit vectors of E with respect to some Hermitian metric. In addition to the infinitesimal generator T of the canonical S 1 -action on N one has the subbundle V ⊂ CT N of the complexification of the tangent bundle of N whose elements are precisely those whose image by π * lies in T 0,1 B. This is an involutive subbundle having T as a section. The unit ball bundle of E has N as boundary, so N , as a hypersurface in the complex manifold E, is naturally a CR manifold. Its CR structure K (as vectors of type (0, 1)) is also a subbundle of V, and in fact V = K ⊕ span C T . The unique real one-form θ determined by the condition that it vanishes on K and satisfies θ, T = 1 is related to the complex and Hermitian structures of E by the fact that iθ is the connection form of the Hermitian holomorphic connection of E. The restriction β of −iθ to V is of course a smooth section of V * . Since V is involutive, there is a differential operator from sections of V * to sections of 2 V * .
This operator, analogous but not equal, to the ∂ operator (or the ∂ b operator), is denoted D and forms part of an elliptic complex. The form β is D-closed: Dβ = 0. This condition reflects the fact that θ corresponds to a holomorphic connection, so its curvature has vanishing (0, 2) component. Conversely, if N → B is a circle bundle over a complex manifold, if V is defined as above, and if β is a smooth section of V * such that β, T = −i, then N is the circle bundle of a holomorphic line bundle and β arises from the Hermitian holomorphic connection as described.
The equivariant diffeomorphisms h ab : U a ∩ U b → U a ∩ U b arising from a system of holomorphic transition functions satisfy dh ab V = V. In Section 4 we prove a classification result for general compact manifolds together with a nonvanishing real vector field T admitting a T -invariant Riemannian metric and an involutive subbundle V ⊂ CT N such that V ∩ V = span C T and smooth sections β of V * such that β, T = −i and Dβ = 0. Again, the orbits of T need not be compact. The objects T , V, β arise naturally on the boundary of complex b-manifolds. These manifolds, and how the structure on the boundary arises, are described in the next section.
Complex b-manifolds
Let M be a smooth manifold with boundary. The b-tangent bundle of M (Melrose [2, 3] ) is a smooth vector bundle b T M → M together with a smooth vector bundle homomorphism ev :
covering the identity such that the induced map
is a C ∞ (M; R)-module isomorphism onto the submodule C ∞ tan (M; T M) of vector fields on M which are tangential to the boundary of M. The homomorphism ev is an isomorphism over the interior of M, and its restriction to the boundary,
is surjective. Its kernel, a fortiori a rank-one bundle, is spanned by a canonical section denoted r∂ r ; r refers to any smooth defining function for ∂M in M, by convention positive in the interior of M. 
A complex b-manifold is a manifold with boundary together with a complex b-structure.
Thus a complex b-manifold is a complex manifold in the b-category. By the Newlander-Nirenberg Theorem [8] , the interior of M is a complex manifold.
Complex b-structures, more generally, CR b-structures, were introduced in [4] , some aspects of the boundary structure determined by a complex b-structure were analyzed in [5] , and families of examples were presented in [6] . An in-depth study will appear in [7] . In particular, we showed in [5] that a complex b-structure on M determines the following on each component N of the boundary of M:
(i) An involutive subbundle V ⊂ CT N with the property that
and an element β ∈ C ∞ (N ; V * ) belongs to β β β if and only if there is u : N → R is smooth such that β − β = Du. It should be noted that V is not a CR structure, but rather an elliptic structure because of (i) above (see Treves [11, 12] for the general definition of elliptic structure). However, for each β ∈ β β β, ker β ⊂ V is a locally integrable (i.e., locally realizable) CR structure of hypersurface type. Local integrability is a consequence of a result of Nirenberg [9] which in this case gives that in a neighborhood of any point of N there are coordinates x 1 , . . . , x 2n , t such that V is locally spanned by the vector fields
. . , n, are annihilated by the elements of V, hence also by the elements of ker β for any β ∈ β β β.
The datum of a manifold N , a vector subbundle V ⊂ CT N , a real vector field T , and a D-closed element β ∈ C ∞ (N ; V * ) satisfying (i)-(iii) permits the construction of a complex b-manifold whose boundary structure is the given one, namely, let
with the fiber of
The principal aim of this paper is to present a classification theorem of such boundary structures assuming that N is compact and that there is a T -invariant Riemannian metric g on N . Under these hypotheses for a given component of ∂M one can show, [7] , that there is an element β ∈ β β β such that (2.5) is improved to
The number a is characteristic of the way the boundary structure is related to the complex b-structure. One then obtains a new structure by definingβ = −i(a − i) −1 β, which of course has the property that β , T = −i (that is, β , T = 0), and β β β as the class ofβ modulo D(C ∞ (N ; R)). The classification theorem in Section 4 concerns structures for which there is an element β ∈ β β β such that β , T = −i, and the result of [7] alluded to above guarantees no loss of generality. From the perspective of this work, which is just the classification result, the origin of the structure and the fact that there is β such that β, T is constant are immaterial.
Classification by relative Chern classes
Let F be the family of pairs (N , T ) such that
(1) N is a compact connected manifold without boundary; (2) T is a globally defined nowhere vanishing real vector field on N ; and (3) there is a T -invariant Riemannian metric on N .
The class F contains all pairs (N , T ) such that N is the circle bundle of a Hermitian line bundle over a compact connected manifold and T is the infinitesimal generator of the canonical S 1 -action on N . We denote by a t the group of diffeomorphisms generated by T , and by O p the orbit of T through p. If (N , T ), (N , T ) ∈ F and h is a smooth map from an open set of N to one of N such that h * T = T , then h is called equivariant. If (N , T ) ∈ F define the relation p ∼ p if and only if p ∈ O p . The fact that there is a T -invariant metric implies that this is a relation of equivalence (the key fact being the implication p ∈ O p =⇒ p ∈ O p ). Let B N be the quotient space. Then B N , the base space of (N , T ), is a Hausdorff space. The following lemma is immediate in view of (3.2). Henceforth we fix an element (N , T ) ∈ F, denote B N by B and let π : N → B be the quotient map. We aim first at giving a classification modulo global equivalence of the set of elements of F locally equivalent to (N , T ), by the elements of H 2 (B, Z ) where Z is the sheaf of germs of locally constant functions on B with values in a certain free, finite rank abelian group z to be described in a moment. This classification is similar to the classification of circle bundles (or complex line bundles) over B by their first Chern class.
Let Homeo(N ) be the group of homeomorphisms N → N with the compactopen topology. The structure group of (N , T ) is the closure, to be denoted G, of the subgroup {a t : t ∈ R} ⊂ Homeo(N ). It is clearly an abelian group. Fix a T -invariant metric. Then we may view {a t : t ∈ R} as a subgroup of the group of isometries of N with respect to the metric, a compact Lie group. Its closure is therefore compact.
Lemma 3.5. The structure group G is a compact abelian Lie group acting on N by smooth diffeomorphisms, and is a subgroup of the group of isometries of N with respect to any T -invariant metric.
We will denote the action of an element g ∈ G on N by A g , and by A : G × N → N the map A(g, p) = A g p. Let g be the Lie algebra of G, let exp : g → G be the exponential map, and let z ⊂ g be its kernel. Definition 3.6. Let (N , T ) ∈ F, let B be its base space, and let π : N → B be the projection map.
is an abelian group under composition. The family {I ∞ (N V )} with the obvious restriction maps forms a presheaf over B giving an abelian sheaf
) be the space of smooth functions N V → g which are constant on the orbits of T . These spaces also form an abelian presheaf. We let C ∞ (B, g) → B be the corresponding sheaf. There is a natural map Exp :
So Exp(f ) is an equivariant diffeomorphism (its inverse is Exp(−f )). Thus Exp(f ) ∈ I ∞ (N V ). With Exp we get a sheaf homomorphism
and with the inclusion z → g, the sheaf homomorphism
Proposition 3.7. The sequence
) is a fine sheaf, so the long exact sequence in cohomology gives an isomorphism
The proofs of this proposition and the next theorem are given below. 
The proofs of Proposition 3.7 and Theorem 3.9 require some preparation. The following theorem yields explicit information that will be useful in the development of the theory. 
The proof relies on an idea originally due to Bochner [1] , expressed in this case by judiciously choosing enough functionsF that are at the same time eigenfunctions of T and eigenfunctions of the Laplacian with respect to some fixed T -invariant Riemannian metric on N , and then using them to construct the map F . The details are given in [7] .
Note that the manifold S 2N −1 together with the vector field T on S 2N −1 given by the expression on the right in (3.12) is an example of a pair in the class F. The standard metric on S 2N −1 is T -invariant. Observe in passing that the orbits of T need not be compact.
Recall that G is the closure of {a t } in the compact-open topology of Homeo(N ). Fix a map F : N → S 2N −1 having the properties stated in Theorem 3.11 and let T again be the vector field on S 2N −1 given by the expression on the right in (3.12). Let a t be the one-parameter group generated by T . The set
is the structure group of the pair (S 2N −1 , T ). For any w ∈ S 2N −1 , the closure of the orbit of w by T is
Then (3.14)
W is open and dense in N , if {t ν } ∞ ν=1 is such that a tν p converges for some p ∈ W , then {a tν } ∞ ν=1 converges in the C ∞ topology, and if p ∈ W and A g p = p, then g is the identity.
Indeed, if a tν p converges, then so does a tν F (p) since F is equivariant. Since F (p) = 0 for each , {e iτ tν } ∞ ν=1 converges for each . It follows that a tν :
converges in the C ∞ topology, and then so does
has the properties listed for W in (3.14). One of the virtues of N reg is that it is independent of the auxiliary map F . where, as usual, exp maps a sufficiently small vector v ∈ T N to the image of 1 by the geodesic through v. Since O p0 is compact, there is ε > 0 such that for B = B Op0,ε the map exp | B : B → N is a diffeomorphism onto its image U = U Op 0 ,ε . Since
The set W used in the proof of Lemma 3.5 is a subset of N reg . Since W is dense, so is N reg .
Finally, let p 0 ∈ N reg and suppose that {t ν } ∞ ν=1 is a sequence such that a tν p 0 converges. Since W is dense in N , there is p ∈ U Op 0 ,ε ∩ W . Since ρ| Op : O p → O p0 is a diffeomorphism that commutes with each a t , a tν p converges. Therefore a tν converges, by (3.14).
Let B reg = π(N reg ). One can show that B reg is a smooth manifold and that N reg → B reg is a principal G-bundle.
A variant of the proof of Lemma 3.5 gives:
Lemma 3.16. Let (N , T ) ∈ F be locally equivalent to (N , T ), and let G N , G N be the respective structure groups. Then there is a group isomorphism
Proof. Pick some equivariant diffeomorphism h : U → U . If g ∈ G N , then there is a sequence {t ν } such that a tν → g in the C ∞ topology. If
then the continuity and equivariance of h and the convergence of a tν p give the convergence of a tν h(p), hence by Lemma 3.15 the convergence of a tν to some element Ψ N ,N g . It is easy to verify that Ψ is a group isomorphism (the inverse being Ψ N ,N ) independent of the auxiliary equivariant diffeomorphism used to define it.
The following lemma is the key component in the proof of the surjectivity of Exp in the sequence (3.8)
n be open, let f , g : U → C be smooth and such that |f | = |g| and f , g are not flat at any point of U . Then there is a unique smooth function ω : U → S 1 ⊂ C such that f = ωg.
Proof.
On the open set V = {x ∈ U : f (x) = 0 and g(x) = 0} we have that f /g is a smooth function with values in S 1 . So, since V is dense, ω is unique if it exists. Let x 0 ∈ U be arbitrary. Since neither of the functions f or g is flat at x 0 , the Malgrange Preparation Theorem gives that there are coordinates (y 1 , . . . , y n ) centered at x 0 such that with y = (y 1 , . . . , y n−1 ) we have
r (y )y n , near x 0 with smooth functions q, q , r , r , and q(x 0 ), q (x 0 ) = 0. The condition |f | = |g| gives that the polynomials y
=0 r (y )y n have the same roots for each fixed y . Since f /g and g/f are both bounded on V and V is dense, these roots appear with the same multiplicity in both polynomials, that is, they are the same polynomial. Consequently qf = q g and thus f = ωg near x 0 with ω = q/q smooth.
Surjectivity of Exp in (3.8) is an immediate consequence of:
Proof. Let F : N → S 2N −1 be a map as in the proof of Theorem 3.11, let T be the vector field (3.12) and let a t denote the associated one parameter group it generates; recall that no component of F vanishes to infinite order at any point of N . Suppose
) is an element in the closure of the orbit of F (p), so there is ω(p) ∈ G 0 , the structure group of (S 2N −1 , T ) (see (3.13)) such that F (h(p)) = A ω(p) F (p); ω(p) need not be unique. Componentwise this gives F • h = ω F . In particular |F • h| = |F |. Since neither F nor F • h vanish to infinite order at any point, Lemma 3.17 gives that ω is smooth. Let g(p) ∈ G be the element that corresponds to ω(p) via the isomorphism of Lemma 3.16. So g : N V → G is smooth and h(p) = A g(p) p. Furthermore, g is constant on the orbits of a t . Indeed, on the one hand h(a t p) = A g(atp) a t p = a t A g(atp) p and on the other 
Since U is contractible to O p0 and g is constant on O p0 , g maps the fundamental group of U to the identity element of the fundamental group of G. So there is
The fact that C ∞ (B, g) → B is a fine sheaf will follow from existence of partitions of unity in C ∞ (B, R) (recall that this is the space of smooth functions on N that are constant on orbits of T ).
Let µ denote the normalized Haar measure of G.
The proof of the last statement is also elementary.
As a consequence we have existence of smooth locally finite partitions of unity for B.
Corollary 3.20. Let {V a } be an open cover of B. Then there is a family {χ γ } γ∈Γ of nonnegative functions χ γ ∈ C ∞ (B) such that for every γ there is a(γ) such that supp χ γ ⊂ N V a(γ) , for every K B the set {γ : supp χ γ ∩ N K } is finite, and
A partition of unity as in the corollary gives a partition of unity for C ∞ (B, g), so the latter is a fine sheaf.
Proof of Proposition 3.7. Let V ⊂ B be open. The map ι sends a locally constant function ν : V → z to the element ν • π of C ∞ (V, g), so ι is injective. To see exactness at C ∞ (B; g), suppose ν : V → z is locally constant. Then ν • π ∈ C ∞ (V, g) and exp(ν • π) is the identity. So ι(ν • π) ∈ ker Exp. Suppose now that f ∈ C ∞ (V, g) and Exp(f ) ∈ I ∞ (N V ) is the identity:
Finally, Lemma 3.18 gives that Exp in (3.8) is surjective.
Proof of Theorem 3.9. Let h ∈ H 1 (I ∞ (N )). We will, essentially by following the proof of the corresponding statement for line bundles, show that there is a well defined g-equivalence class of elements associated with h. To construct a representative of this class, choose an open cover {V a } a∈A of B such that h is represented by a cocycle {h ab ∈ I ∞ (N Va∩V b )}. Thus h aa is the identity map, h ab = h 
Thus N admits a global nowhere vanishing vector field T , and by definition dh a a t = a t h a for each a ∈ A, i.e., h a is equivariant. In particular, the orbits of T are compact. By construction, (N , T ) is locally equivalent to (N , T ), and one can construct a T -invariant metric on N using one such for N , the maps h a , and a partition of unity as in Corollary 3.20. So (N , T ) ∈ F is locally equivalent to (N , T ).
If {h ab ∈ I ∞ (N Va∩V b )} also represents h, let (Ñ ,T ) be the element of F constructed as above with theh ab . We will show that N is globally equivalent tõ N . Leth a :Ñ Va → N Va be maps such thath ab =h ah −1 b . Because {h ab } and {h ab } represent the same element h, there is, perhaps after passing to a refinement of the cover {V a }, an element g a ∈ I ∞ (N Va ) for each a ∈ A such that
b . Passing to a further refinement of the cover {V a } and using Lemma 3.18 we may assume that for each a there is f a ∈ C ∞ (V a , g) such that g a = Exp f a . Let Ψ : G → G be the isomorphism of Lemma 3.16. We have
That is, the mapsh
a h a g a : N Va →Ñ Va , which are equivariant diffeomorphisms, give a global map N →Ñ . So there is a well defined g-equivalence class of elements associated with h.
Conversely, given an element (N , T ) ∈ F which is locally equivalent to (N , T ) by way of maps h a : U a → U a as in Definition 3.1 we get a cocycle h ab = h a h
. It is not hard to verify that the element h ∈ H 1 (I ∞ (N )) constructed from this cocycle as above is globally equivalent to (N , T ).
Classification by a Picard group
We now present an analogue of the classification of holomorphic line bundles over compact complex manifolds by the Picard group.
Let F ell be the set of triples (N , T , V) such that (N , T ) ∈ F and V ⊂ CT N is an elliptic structure with satisfies (3.2) and preserves V. Clearly, the sequence
There is a natural one-to-one correspondence between the elements of H 1 (B, I V (N ))) and the global ell-equivalence classes of elements of F ell which are locally ell-equivalent to N . preserves V for each a, b, N inherits an elliptic structure V , V = h a * −1 V, such that V ∩ V = span C T . The kernel K ⊂ V of β is a CR structure of CR codimension 1. Let θ be the real one-form that vanishes on K ⊕ K and satisfies θ, T = 1. Since Dβ = 0 and i T β is constant, i T dθ = 0. Let {χ a } a∈A ⊂ C ∞ (B) be a locally finite partition of unity subordinate to the cover {V a }, as provided by Corollary 3.20. Since only finitely many of the χ a are nonzero (because N is compact) there is no loss of generality if we assume that already the index set for the partition is the same as that for the cover and that supp The complexification of the kernel of θ, being the direct sum of subbundles K and K, determines an almost complex structure
The one-parameter subgroup t → a t of G gives an elementT ∈ g. 
The vector fields Y j are tangent to the orbits of G and pointwise linearly independent on N reg but not necessarily so on
. . , d − 1, so that X k is a section of ker θ. Then JX k is defined and is another smooth section of ker θ. Since the functions θ, Y k are constant on orbits of G,
The vector fields X k + iJX k are sections of K and so are the sections Exp(sŶ j ) * (X k + iJX k ) = Exp(sŶ j ) * X k + i Exp(sŶ j ) * JX k .
since Exp(sŶ j ) preserves V for each s ∈ R. Thus J Exp(sŶ j ) * X k = Exp(sŶ j ) * JX k , so Exp(−sŶ j ) * J Exp(sŶ j ) * X k = JX k . Let d p = dim O p and let n p be the CR codimension of W Op . Then the dimension of the span of the vector fields (5.1) at p is d p + n p (so dim Suss(p) = d p + n p ). It also follows from the fact that the vector fields (5.1) commute that dim O F (t,s)(p) is independent of t and s. Also K ∩ Suss(p) is a CR structure, necessarily of CR codimension 1, spanned by the vector fields X j + iJX j .
Given any p ∈ N we may choose the basisŶ 1 , . . . ,Ŷ n−1 ,Ŷ d of g (Ŷ d =T ) so that with m p = rank W Op , 
